Proceedings of 12th Annual IEEE Conference on Computational Complezity (June 24-27, 1997, Ulm, Germany), pp. 302-313.

Finite Limits and Monotone Computations:

The Lower Bounds Criterion*

Stasys Jukna

Department of Computer Science, University of Trier!
D-54286 Trier, Germany

jukna@ti.uni-trier.de

Abstract

Our main result is a combinatorial lower bounds cri-
terion for monotone circuits over the reals. We allow
any unbounded fanin non-decreasing real-valued func-
tions as gates. The only requirement is their "local-
ity”. Unbounded fanin AND and OR gates, as well as
any threshold gate T (x1,...,Zm) with small enough
threshold value min{s,m — s + 1}, are simplest exam-
ples of local gates. The proof is relatively simple and
direct, and combines the bottlenecks counting approach
of Haken with the idea of finite limit due to Sipser.
Apparently this is the first combinatorial lower bounds
criterion for monotone computations. It is symmet-
ric and yields (in a uniform and easy way) erponential
lower bounds.

1. Introduction

The question of determining how much economy
the universal non-monotone basis {A,V,—} provides
over the monotone basis {A, V} has been a long stand-
ing open problem in Boolean circuit complexity. The
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breakthrough in the field was made by Razborov in
his seminal paper [23] where the first super-polynomial
lower bound was proved. Shortly after, such (and even
exponential) lower bounds were obtained for different
Boolean functions [24, 3, 1, 30, 4, 31], including those
whose non-monotone circuits are polynomial [24, 30].

After this impressing progress one principal ques-
tion still remained unclear: is there a tractable lower
bounds criterion for monotone circuits? Razborov
raised this problem as a candidate for a ”final chord”
in that direction (see [25], Problem 4). The point is
that the combinatorial parts of all the above mentioned
lower bounds proofs depend heavily on specific proper-
ties of concrete Boolean functions, and it was unclear
if there are some common combinatorial properties of
Boolean functions that do actually force their hardness.

In this paper we resolve this problem, and do this in
quite general setting. We consider the following general
model of monotone computations: gates may be arbi-
trary non-decreasing real-valued functions ¢ : R™ —
R (m > 1). We do not bound the fanin m. Rather,
we require that these functions have bounded ” degree”.
The degree of a gate is formally defined in Section 2.
Here we mention only that it does not exceed the fanin
but may be much smaller. In particular, a Boolean
gate ¢ : {0,1}™ — {0,1} has degree < d if either
all minterms or all maxterms (or both) have length at
most d.  For example, unbounded fanin AND and
OR gates have degree 1. The degree of a threshold
gate T (x1,...,2Tm,) does not exceed threshold value
min{s,m — s + 1}. We call a circuit d-local if all its
gates have degree at most d.

Our main result is a general combinatorial lower



bounds criteria for bounded degree unbounded fanin
monotone real circuits (Theorems 1 and 2). Its re-
stricted version has the following transparent form.
For A C {0,1}" and ¢ € {0,1}, let Miny (A4,€) and
Maxy, (4, €) denote respectively the minimum and the
maximum possible number of vectors in A, all of which
have the value € on some fixed set of k coordinates.

Criterion: Let f be a monotone Boolean function inn
variables, and let C be a monotone d-local real circuit.
If C computes f then, for any A C f~1(0), BC f (1)
and 1 < a,b < n/d, C has size at least the minimum

of

Minb (A, ].)
(db)e - Max, (4,0)

Min, (B, 0)
(da)? - Maxy (B, 1)

Apparently, this is the first such easy (and sym-
metric) lower bounds criterion for monotone compu-
tations. When applied to concrete Boolean functions,
it directly yields exponential lower bounds for explicit
functions in NP (we demonstrate this in Section 6).
The simplicity of the whole argument (as well as of
the criterion itself) may be somewhat surprising be-
cause the model we are dealing with is quite powerful:
it is shown in [9] that every slice function has a lin-
ear size circuit with fanin-2 non-decreasing real gates,
whereas easy counting yields that most of slice func-
tions require exponential size Boolean circuits over the
complete basis {A,V,—}. Moreover, in the case of un-
bounded fanin gates previous lower bounds were known
only for AND/OR gates under additional restriction
that circuits have constant-depth (cf. [21]).

Our proof combines two ideas: the bottlenecks count-
ing idea of Haken [11, 12, 13] and Sipser’s idea of finite
limits [28, 29]. The resulting argument becomes ex-
tremely simple and is different from Razborov’s method
of approzimations [23, 24, 26], although the general
idea remains the same: we try to map a large set of
input vectors to gates in the circuit so that not too
many vectors are mapped to any one gate. The map-
ping manages to hit ”bottlenecks” in the circuit by
sending an input vector to the first gate in the circuit
for which this input is "hard” and which nevertheless
classifies this input correctly. This ”bottlenecks count-
ing” idea is, of course, only a general scheme: its re-
alization depends heavily on what inputs are declared
to be "hard”. To measure the "hardness” Haken [12]
and Haken and Cook [13] use the concept of, so-called,
fences. We take for this purpose another (apparently,

more transparent) concept of finite limit due to Sipser
[28, 29].

A vector z is a k-limit for a set of vectors A if on
every subset of k coordinates, x coincides with at least
one vector from A. Thus, if = is a k-limit for the set
f1(f(z) ®1), then z is a "hard” instance for any cir-
cuit computing f since the value f(z) cannot be de-
termined when looking at only k& bits of z. The key
of the whole argument is one simple ”limit lemma”
(Lemma 3) implying that in monotone circuits no sin-
gle gate can make too large progress in classifying k-
limits. If the function f is such that f~1(0) has many
k-limits for f=1(1) (and vice versa) then the progress
made by the whole circuit must be large, and hence,
there must be many gates.

The paper is organised as follows. In Section 2 we
describe the model of monotone circuits over the re-
als and define their locality. We formulate the cri-
terion (Theorem 1) in Section 3 and prove it in Sec-
tion 4. The proof is based on two lemmas: Reduction
Lemma (Lemma 1) and Limit Lemma (Lemma 3). Just
like in Razborov’s method of approximations ([23, 26],
the first lemma reduces the lower bounds problem for
monotone local circuits to an appropriate SET COVER
problem. Roughly, we prove that f requires circuits
of size Q(t) if neither f=1(0) nor f~1(1) may be cov-
ered by t ”closed” sets. The difference from Razborov’s
method is the different nature of these ” closed” sets: we
define them in terms of finite limits. The main goal of
the next Section 4.3 is to prove an explicit upper bounds
on the size of closed sets. These bounds, together with
the above mentioned reduction to a cover problem, di-
rectly yield the desired lower bounds criteria. In Sec-
tion 5 we present the criterion in full generality.

In the last section we apply the criteria to explicit
Boolean functions and derive exponential lower bounds
for them. The difference from known lower bounds
[21, 23, 3, 1, 31, 13, 22] for monotone circuits is twofold.
First, we achieve these lower bounds in a uniform and
easy way: all we need is to compute several very simple
combinatorial characteristics of a given function. Sec-
ond, and more important, our bounds hold for more
general model of local monotone circuits over the reals.
In particular, these circuits may contain as gates:

e arbitrary nondecreasing real-valued functions of
growing (up to n°) fanin, and

e arbitrary wunbounded fanin monotone Boolean



functions whose minterms or maxterms (or both)
have length < n°.

In Boolean case these lower bounds supplement pre-
vious result due to Yao [31] that one needs super-
polynomial size to compute CLIQUE,, ; (which out-
puts 1 iff the input m-vertex graph has a clique on
k vertices) even allowing gates capable to perform ar-
bitrary monotone Boolean operation of fanin at most
m?. We show (cf. Corollary 2) that CLIQUE,, j requires
super-polynomial size even if we allow gates be arbi-
trary monotone Boolean functions, whose minterms
or maxterms (or both) have length at most d =
0 logL3n) Note that for d = (%) the whole such cir-
cuit for CLIQUE,,, ;, would consist of just one gate (with
minterms corresponding to k-cliques).

Finally, let us mention that the results in the present
paper have also an application to cutting plane proofs
[8] in the propositional calculus. Cutting plane proofs
provide a complete refutation system for unsatisfiable
sets of propositional clauses. They efficiently simulate
resolution proofs, and in fact are known to provide ex-
ponentially shorter proofs on some examples (the pi-
geonhole clauses). Bonet et al [6] and Pudldk [22] re-
duced the problem to lower bounds for circuits with
nondecreasing real functions of fanin 2 as gates. Thus,
our general lower bound for such circuits (Theorem 2),
as well as lower bounds for explicit functions, are also
lower bounds for the length of cutting plane proofs.

2. Preliminaries

In this section we recall some (more or less standard)
notions concerning Boolean functions and circuits.

Let NV be a set of n elements, called bits. Subsets
of N are called bit sets. An input or a (binary) vector
is a mapping z : N — {0,1}. A Boolean function is
a mapping f : {0,1}" — {0,1}. The value f(z) of f
on an input z is defined by f(z) = f(z(1),...,z(n)).
A circuit (or straight-line program) is a sequence C' =
(g1,--.,9¢) of mappings® (called gates) g; : {0,1}" —
R such that for every ¢ = 1,...,t, gate g; has the
form g; = ¢(h1,...,hm,;) where ¢ : R™ — R is some
mapping (called the basis function) and each h; is ei-
ther a Boolean variable or one of the previous gates

1The arithmetic structure of real numbers R will not be used
for the lower bounds, one can take any totally ordered set instead

of R.

gis---59i—1- The number m; is a fanin of g;. The num-
ber t of gates is the size of C. The function computed
by C' is the function g; computed by the last gate.
Monotone circuits. Let, in what follows, f be arbi-
trary (but fixed) Boolean function. In order to define
the monotonicity of circuits (computing this particular
function f), we look at the behaviour of their gates g
on bipartite graphs G, defined by:

Gy = {(z,9) € F7H0) x f71(1) = g(2) # 9(v)} -

Intuitively, the larger G, is, the better g ”approxi-
mates” the function f. We say that a subgraph E, C
G, is monotone if it is possible to order all the inputs
T1,...,%p in f71(0) so that Ey(zq1) C ... C E,(zp).

Note 1. The monotonicity means that we actually can
order inputs from both sides f~1(0) and f~!(1). In-
deed, take the order yi,...,y, of inputs in f1(1)
where inputs from Ey(zp) \ E4(zp—1) are listed first
(in an arbitrary order), then list the inputs from
Ey(zp-1) \ E4(zp—2), etc., so that we again have that

Ey(y1) C ... C Ey(yy)-

Note 2. In Boolean case the graph G, consists of two
bipartite complete subgraphs (cliques):

(g‘l(e) ﬂf‘l(O)) X (g_l(eea 1) ﬂf‘1(1)>, e=0,1

whereas each monotone subgraph E;, C G, lacks at
least one of these two cliques.

Let now C be a circuit, computing f. A skeleton of
C is a set of bipartite graphs M = (E, : g € C), one for
each gate of C'. Such a skeleton is monotone if all these
graphs E, are monotone. A skeleton is legal if for every
gate g = ¢(h1,...,hy) of C we have that E;, C Ep, U
...UE},, . Note that the trivial skeleton (G, : g € C)
is always legal, because (z,y) € G, implies that g(z) #
g(y), and hence, h;(x) # h;(y) for at least one i.

Definition 1. Given a circuit C' = (g1, ..., gt), which
computes a Boolean function f, we say that C is
monotone if there exists a legal monotone skeleton
M =(E,: g€ C) such that E,, = f~1(0) x f~(1).

Note that we do not require the basis functions
¢ : R™ — R themselves be nondecreasing (this would
the standard definition). It is enough that the gates be-
have in a monotone manner during the computations



(so that a legal monotone skeletons is possible). In
general, finding such a skeleton is not an easy task.
However, if we a priori know that all basis functions ¢
are nondecreasing then the task becomes trivial:

Proposition 1. Let C be a circuit computing f. If all
basis functions ¢ : R™ — R used in C' are monotone
nondecreasing, then C is monotone.

Proof: Take the following (standard) skeleton My =
(E, : g € C) where

By = {(z,y) € f71(0) x f71(1) : g(z) <g(y)}-

It is easy to see that this skeleton is monotone: or-
der the inputs f=1(0) = {z1,3,...,7,} in such a way
that g(z1) > g(z2) > -+ > g(zp); then Ey(z1) C
Ey(z2) C ---E4(xp), as desired. Moreover, the graph
E,, , associated with the last gate g;, is complete since
C computes f. So, it remains to verify the legality, i.e.
that By C U2, Ep, for any gate g = ¢(h1,..., hm).
Indeed, if some edge (z,y) appears in no of the graphs
Ey,,...,Ep,, then hi(z) > hi(y) for alli =1,...,m.
Since ¢ is nondecreasing, this implies that g(x) > g(y),
i.e. that (z,y) & E,, as desired. [

Degree and locality. Instead of the fanin, we will be
interested in other characteristic of gates - their ”de-
gree”. This characteristic depends on the function f
computed by the whole circuit C, and on the choosed
skeleton M = (E, : g € C). Moreover, it is well defined
only for legal skeletons.

We will denote by E,(z) the set of all neighbours
of z in the graph E,, i.e. the set of all inputs y €
f7'(f(z) ®1) which are joined by an edge with input
z in the graph F,.

Let g = ¢(h1,...,hy) be a gate in C. Since the
skeleton M is legal, every edge (z,y) of E, is covered
by (i.e. appears in) at least one of the input graphs
Eh,,...,En,,. We are interested in how many of these
graphs are really needed for this.

Definition 2. The degree deg(z,g) of a gate g =
¢(h1,--.,hy) at an input z is the minimum of |I| over
all subsets I C [m] such that E,(z) C U;c; En: ().
The e-degree, deg,(g) of a gate g is the maximum of
deg(z, g) over all inputs # € f~1(¢). The degree deg(g)
of a gate g is the minimum of deg,(g) and deg; (g9). A
circuit C is d-local if deg(g) < d for all gates g € C.

The degree of a gate g = ¢(hy, ..., hy) may heav-
ily depend on its place in the whole circuit C' and on
the function f, computed by C. This is the general
definition for which our argument works. It is, how-
ever, possible (at least in the Boolean case) to give a
”circuit-independent” definition.

Let ¢ be a monotone Boolean function. Recall
that a minterm (mazterm) of ¢ is a minimal subset
I C[m]={1,...,m} such that setting some constants
to the variables z; (i € I), forces the value of ¢ to 1
(resp., to 0), independent on the values of the remain-
ing variables. The length of a minterm (maxterm) is
the number of variables in it.

Proposition 2. Let g = ¢(h1,...,hy) be a gate in C
and ¢ be a monotone Boolean function. If either all
the minterms or all the mazterms of ¢ (or both) have
length at most d then deg(g) < d.

Proof: Assume w.l.o.g. that all the maxterms of ¢
have length at most d (the case of minterms is dual).
Take an input x € f~1(0). We want to show that
deg(z,g) < d. Since g(z) = 0, there is maxterm I C
[m] of ¢ such that [I| < d and \/,; hi(x) = 0 whereas
V;er hi(y) = 1 for every input y € g7*(1), and hence,
for every input y € Ey(x). Thus, Ey(x) C U;cr En; (2),
as desired. ]

If g = ¢(h1,...,hy) where ¢ is the Boolean AND,
then the maxterms of ¢ have length 1, and hence,
degy(g) = 1 (although deg;(g) may be as large as
the fanin m). For OR gates we have the dual sit-
uation. More generally, if g = T™(hy,...,hy) is a
threshold gate (i.e. g(z) = 1iff >°;", hi(z) > s) then
deg(g) < min{s,m —s+1}.

3. The criterion

Given a Boolean function f and a random n-bit
string & in {0,1}", let

Ming [z,e] = min Pr[f(z) =¢ and (S) = 1],

|SI<k
Maxy [z,¢] = |r§'1|a;/(6 Pr[f(z) = ¢ and x(5) = ¢].
Define

Miny,, [13, E]
(db)® - Max, [z,e]

Hji(x,a,b,d) =

Note that

Min, [z, €] > Pr[f(x) = €] — b- p(x,¢€) (1)



where p(z, ) is the maximum of Pr[z(e) = €] over all
bits e € N. Hence,

Prf(z) = €] —b- p(z,e)
(db)® - Max, [z,e]

Hj(z,a,b,d) > (2)
Theorem 1. Let f be a monotone Boolean function on
n variables and let C be a monotone d-local real circuit
computing f. Then for any random inputs x,y and any
integers 1 < a,b < n, we have that

size(C) > min{H?(m,a,b, d),H}(y,b, a,d)} (3)

This theorem follows directly from Lemmas 1, 2 and
3 proved in the next section.

Remark 1. The criterion, stated in the introduction
is a special instance of Theorem 1 for the case when
inputs x and y are uniformly distributed in A and B,
respectively.

Remark 2. We have shown in [15] that (at least for
the case of fanin-2 AND/OR circuits) similar criterion
can be derived using Razborov’s method of approxi-
mations. This criterion was also based on Max, [z,¢]
(although notation is slightly different). It is therefore
remarkable that both methods — the method of approx-
imations and the bottlenecks counting method — em-
ploy essentially the same combinatorial characteristic:
the maximal possible number of minterms (maxterms)
with a given number of literals in common. Thus, bot-
tlenecks counting idea is not a new approach but rather
an approximation method, although more symmetric
and simpler. Quite recently, this connection between
the two methods was made more explicit in [7, 2, 27]

4. The proof

Just like in Razborov’s method of approximations,
our first goal is to reduce the lower bounds problem to
an appropriate SET COVER problem. For this pur-
pose we first recall Sipser’s notion of ”finite limits”, and
use them to define ”closed” subsets of {0,1}". The Re-
duction Lemma (Lemma 1) reduces the lower bounds
problem for the circuit size of f to the following ques-
tion: how many closed subsets we need to cover f~1(0)
and f~1(1)? The desired criterion (Theorem 1) then
follows immediately from the Limit Lemma (Lemma 3)
which gives a (parameterised) upper bound on the size
of closed sets.

4.1. Finitelimits and closed sets

Definition 3. A witness of an input z against a set of
inputs A is a set of bits S C N such that for every
y € A there is a bit e € S for which y(e) # z(e). The
length? of a witness S is its cardinality |S|. A witness
S is legal if S C I(z) where I(z) denotes the set of all
bits e such that z(e) = f(x). A k-limit for a set A is
an input 2 such that |S| > k + 1 for any legal witness
S of z against A.

Proposition 3. If A C B and x is a k-limit for A then
x s also a k-limit for B. If A= A1 U...UA; and x
is a k-limit for the whole set A then x is a |k/d]-limit
for at least one of the sets Ay, ..., Aq.

Proof: The first claim is obvious. For the second
claim, observe that if z would have a (legal) witness
S; of length |k/d| against A;, for all i =1,...,d, then
S = S1U...US; would be a (legal) witness of x against
the whole set A, and (by the monotonicity of norms)
this witness would have length at most k. [

Definition 4. A set of vectors A = {z1,...,2,} C
{0,1}™ is (r, s)-closed if there exists a sequence of sets
0 # B C...C By C {0,1}" such that, for every
v=1,...,1

(i) input =z, is an r-limit for By;

(ii) no input from B, is an s-limit for the set
{zv,-. ., Tm}-

Remark 3. This (somewhat wicked) notion of closure
is necessary to capture the real case. For the case of
(unbounded fanin!) Boolean circuits more transpar-
ent notion works (see [18]). Namely, in this case it is
enough to declare A to be (r, s)-closed iff there is a set
B # () such that: (i) every input of A is an r-limit for
B, but (ii) no input of B is a s-limit for A. With such
a notion of closure the argument is much easier but the
resulting criterion covers only the Boolean case.

4.2. Reduction lemma

The goal of this section is to reduce the lower bounds
problem to an appropriate set-covering problem.

We say that a set of vectors A C f~1(¢) is k-simple
if at least one vector in f~!(e @ 1) has a legal witness
of length k against A. Put otherwise, A is k-simple
if there exists a set S of k bits such that every vector
x € A takes the value ¢ @ 1 on at least one bit in S.

2In Section 5 we will consider more general length measures.



Definition 5. Let p(f;a,b,d) denote the minimal ¢ for
which there exists a b-simple set Y C f~1(0) and
(a, db)-closed sets Aj,..., A; C f~1(0) such that

O CYUA U---UA,.

Lemma 1. (Reduction Lemma) Let f be a mono-
tone function on n variables and let C' be a monotone
d-local Teal circuit computing f. Then for any integers
1< ko, k1 < n/d, we have that

87;28(0) Z min {p(fa kO; klad)a p(_'f7 kla k05d)} .

Proof: Let C = (¢1,...,9:) be a monotone d-local
real circuit, and suppose that C' computes f, i.e. that
gt = f. Since C' is monotone, there is a legal skeleton
M = (E;:i=1,...,t) which associates with each of
its gates g; (i = 1,...,t) a monotone graph (to simplify
notation we write E; instead of E,):

E; C {(z,y) € f71(0) x f7'(1) : gi(z) # i) }

so that E; = f~1(0) x f~1(1). If some input z is a
k-limit for the set E;(z) of all its neighbours in the i-
th graph E;, then we can treat x as a ”"hard instance”
for the i-th gate because this gate correctly separates
z from all its neighbours, even though this requires
knowledge of more than k bits. We will use this prop-
erty (of being a limit for the set of own neighbours) to
colour the nodes of the graph f=1(0) x f=1(1). We do
this step-by-step going through the graphs F, ..., E;.

Initially no node is coloured.

At the i-th step (i = 1,...,t) we do the following.
Let Easy,; ; C {0,1}™ denote the set of inputs which
were not coloured during the first ¢ — 1 steps, and let

E}(z) = E;(z) N Easy;_,

stand for the set of those neighbours of z in E; that
survived all the previous i — 1 steps uncoloured. Due
to the locality of C', we know that at least one of the
degrees (0-degree or 1-degree) of the gate g; is < d. Let

N if deg,(g;) < d
olg:) = { 1 otherwise.

We first colour some inputs from f~(c), where o =
0(gi), and only then we turn to the other part f! (c®
1):

e Colour a node z € f~!(o) iff z € Easy,;_, (ie. =
is still uncoloured) and z is a k,-limit for the set

E}(x). Let Hard] denote the set of those inputs
in f~!(o) which were coloured during this phase
of the i-th step.

e Colour a node z € f~'(oc ® 1) iff z € Easy,_;
and z is a k,g1-limit for the set E}(z) \ Hard]
(of all those neighbours of z in E; which were not
coloured so far — neither during some of the pre-
vious 7 — 1 steps nor during the first phase of the
i-th step).

For ¢ € {0,1}, let Hard; C Easy,;_; denote the set
of those inputs in f~!(g) which were coloured during
the i-th step. (These are the "hard instances” for the
i-th gate g;). We have that, for both e =0 and £ = 1,

f~'(e) CY® U Hard; U---U Hard;,

where
¢
Ye=fe)\ (U Hard§>
i=1
is the set of all inputs in f~!(¢) which were hard for
no of the gates in C.

Thus, Lemma 1 follows directly from the following
two claims:

Claim 1: For some € € {0, 1}, the set Y= of uncoloured
inputs in f~1(e) is keg1-simple.

Claim 2: For every ¢ € {0,1} and every i = 1,... ¢,
the set Hard; is (k., dk.g1)-closed.

Proof of Claim 1. If all the nodes in at least one
of the parts f~1(0) or f~1(1) were coloured, there is
nothing to do (empty set is simple). Suppose therefore
that both parts have uncoloured nodes, and take an
uncoloured node x € f~1(e®1) where e = o(g;)- Since
C computes f, the graph E;, associated with the last
gate of C, is complete. Thus,

t—1
Ez)=f"()\ (U Hardf-) oYe.

i=1
The fact that x remained uncoloured means, in par-
ticular, that z was not a k.g;-limit for this set E;(z).
Thus, x must have a legal witness of length < k.g
against E}(z), and hence — also against the set Y¢, i.e.
Y® must be k.g1-simple.



Proof of Claim 2. First of all observe that Hard) =
Hard; = 0, i.e. that no node z € {0,1}" was coloured
during the first step. Indeed, the first gate g, is just
an [-th variable (I € {1,...,n}), and hence, for every
input « € {0,1}" we have that either E,, (x) is empty
or z has a legal witness S = {l} against E,, ().

Let us now consider the remaining steps i = 2,...,t.
We prove the claim for € = 0 (the case € = 1 is dual).
To simplify notations, let g; = ¢({g; : j € J}) (hence
i > j for all j € J) and set A = Hard?. Our goal is to
prove that A is (ko, dk1)-closed.

Since the graph F; is monotone, we can list the in-
puts A = {x1,...,2Zn} in such a way that

Ei(z1) C ... C Ei(zp). (4)

Since C is d-local, we know that either deg,(g) < d or
degy(g) < d (or both). Let us consider these two cases
separately.

Case 1: deg;(g9) <d, i.e. o(g;) =0.

In this case A is the set of inputs which were coloured
during the first phase of the i-th step. Take B, =
Ef(xy,), for v = 1,...,m. The first condition (i) of
Definition 4 is then satisfied by the definition of Hards.

Let us now verify the second condition (ii) that no
input from B, is a (dky)-limit for {z,,...,zm,}. To see
this, take an input y € B, and suppose the opposite
that y s a (dky)-limit for A. Since y € E;(z,), we
have by (4) that Ef(y) D {zu,...,%m}. Hence, y is
also a (dki)-limit for E}(y). On the other hand, since
fly) = 1 and deg,(g;) < d, the degree of this input
at the gate g does not exceed d. This means that we
can find a subset I C J such that |I| < d and E}(y) C
Ujer E; (y)- By Proposition 3, the input y must be a
k1-limit for at least one of the sets E} (y) (j € J), and
hence, would already be coloured during the first 1 — 1
steps, a contradiction with y € Fasy,_.

Case 2: deg,(g;) > d, i.e. o(g;) = 1.

We claim that in this case the set A = Hard, is
(ko, k1)-closed (and hence, also (ko, dk1)-closed). Since
o0(9;) = 1, we know that A consists of those in-
puts in f~1(0) which were coloured during the second
phase of the i-th step. That is, every input z, € A
was a ko-limit for the set Ej(z) \ Hard}. Thus, the
first condition (i) of Definition 4 is immediately ful-
filled with B, = E(z,) \ Hard}, for v = 1,...,m.
To verify the second condition (ii), take an arbitrary

y € B,. Since y € E}(z,) we know that y € Easy} |,
i.e. y was not coloured during the first ¢ — 1 steps.
Moreover, y ¢ Hard} means that this input was not
coloured also during the first phase of the i-th step,
which means that y was not a ki-limit for Ef(y).
But again, y € E;(z,) together with (4) implies that
E!(y) O {zv,Zv41,---,Tm}. Thus, no input y € B
is a kq-limit for the set {z,,Zy41,...,Zm}, i€, A is
(ko, k1)-closed, as desired.

This completes the proof of Claim 2, and thus the
proof of Lemma, 1. [ |

4.3. Limit lemma

The goal of this section is to give a tractable upper
bound on the size of closed and simple sets.

Lemma 2. Let Y C f~1(¢) be a k-simple set. Then
Pr[z € f(e) \ Y] > Miny [z,€].

Proof: Since Y is k-simple, there must be at least
one set of bits S such that |S| < k and z(S) #
e®1 for every z € Y. Thus Pr[z e f~!(e) \ Y] >
Pr[z € f~'(e) and &(S) =& ® 1] > Miny, [x, €]. ]

Lemma 3. (Limit Lemma) Let A C f~'(¢) be an
(r, s)-closed set. Then

Pr[xz € A] < s" - Max, [z,¢].

To prove this lemma, we need the following simple
fact about transversals. A k-critical transversal for a
sequence of sets F = {S1,...,S;} is a set T for which
there is an index | € {1,...,¢} such that T intersects
all the sets Si,...,S5; but no its subset 7' C T with
|T'| < r, does this.

Lemma 4. Let F = {S1,...,S;:} be a sequence of sets,
each of cardinality at most s. Let T be a family of r-
critical transversals for F. Then there is a family H.,
of at most s” r-element sets such that every set from
T contains at least one set from H,.

Proof: We will construct the desired family H, by
induction on r. For r = 1 we can take as H; the family
of all one element sets {e} with e € S;. This family has
at most |S1| < r 1-element sets, as desired.

Suppose now that the family H, ; is already con-
structed. For aset H,letext(H) = {T' €T : T 2 H}.
We can assume w.l.o.g. that ext(H) # 0 for every set



H in H,_; (if not, remove these redundant sets from
H,—1). We construct the desired family H, by apply-
ing the following procedure to the family H, ;.

Take a set H € H,_1 and choose the first index i
such that HNS; =@ but TNS; # P for all T € ext(H)
(such an 7 exists since |H| < r — 1 and H is a subset
of an r-critical transversal). Include in #, all the sets
H U {e} with e € S;, remove H from H,_; and repeat
the procedure to this smaller family #,_; \ {H}. No
transversal in T gets lost during this step, since every
such transversal, containing this ((r — 1)-element) set
H, must contain at least one of the sets H U {e} with
e € S;. Since every set in H,_; produces at most |S;| <
s new sets, the resulting family H, will have at most
s-|Hr_1] < 8" sets, as desired. |

Proof of Lemma 3. Let A = {z1,...,2,}. Recall
that the closeness of A means that there exists a se-
quence of sets ) # B; C ... C By C f (e ®1) such
that

(i) input z; is an r-limit for B;, and

(ii) no input from B; is an s-limit for the set 4; =
{zi,..., 2}

By (ii), every input from B; has a legal witness of
length at most s against the set A;. That is, for every
input y € B; there is a subset of bits S;, C I(y) =
{e : y(e) = € ® 1} such that |S;,| < s and every in-
put z € A; takes the value y(e) ® 1 = ¢ on at least
one bit e € S;,. This, in particular, means that for
every x € A;, the set I(x) intersects all the sets in the
sequence F; = {S;, :y € B;} (with sets S;, arranged
in arbitrary order). Now, for each j = 1,...,m the
input z; belongs to all the sets A,,...,A4;, and hence,
the set I(x;) must intersect all the sets in the sequence
Fi = {Fi,...,F;}. On the other hand, by (i), no r-
element subset of I(z;) can do this, since any such
subset would be a legal witness of z; against B;. Thus,
for every j = 1,...,m, the set I(z;) is an r-critical
transversal for the sequence F7, and hence, is such a
transversal for the whole sequence F¢. By Lemma 4
there must be a family H of s" r-element sets such
that every set I(z) with € A, contains at least one
of them. Thus, Pr[z € A] <

Z Pr[z € A and z(e) =¢,Ve € I(z)] <
€A

Z Prz € A and z(H) =¢] < s" - Max, [z, €] .
HeH

5. Generalization

Although Theorem 1 already yields exponential
lower bounds for some explicit functions (cf. Corol-
lary 1), we will state and sketch one more flexible its
variant. The only difference is that we will allow one to
use arbitrary norms to measure the length of bit sets.
Recall that up to now the length of a set S was simply
its cardinality |S| (cf. Definition 3).

By a norm we will mean any mapping u : 2V —
{0,1,...} which is monotone under the set-theoretic in-
clusion, i.e. S C T implies u(S) < p(T). Given such a
norm, the length of a set S is the number u(S). The de-
viation of p is the function A(¢) = max{|S| : u(S) < t}.
The defect of p is the maximal length ¢ = max{u({e}) :
e € N} of a single bit. These two characteristics con-
nect the length u(S) of S with its cardinality:

p(S)/e < |S] < Au(S))- ()

We say that a bit-set T respects a norm p if we
cannot add a bit from outside the set T' to no of its
subsets without increasing their length, i.e. if u(S U
{e}) > u(S) + 1 for any subset S C T and any bit
e & T. We say that an input x respects p if the set I(x)
does this (recall that I(z) is the set of those bits on
which input z takes the value f(z)).

For example, if we take the trivial norm p(S) = |5]|
then ¢ = 1, A(t) = t and every input respects p. In
case of graphs, bits correspond to edges and one can,
for example, take u(S) to be the number of vertices
incident to at least one edge from S. In this case ¢ = 2,
A(t) = (%) and only inputs, corresponding to cliques,
will respect such a norm.

Given random input ¢, a norm g and a set of inputs
AC f7(e), let

e Miny [z, A, 1] be the minimum over all sets S with
u(S) < b, of Prjxz € A and z(S) = D 1];

o Max, [z, A, u] be the maximum over all sets S with
u(S) > a, of Prjx € A and x(S) =¢].

Given a pair (uo,u1) of (not necessarily different)
norms, we will be interested in the following charac-
teristic of x :

Min,, [.’B, X°, NE@l]
(d- A(be))® - Max, [z, X¢, pe]

Fi(z,a,b,d) = (6)

where X¢ denotes the set of all inputs from f~!(e)
respecting the norm p.; ¢ and A are the defect and the



deviation of p.q1. Given a random input x it is an easy
task to find a lower bound for this characteristic. In
particular, the numerator in (6) can be estimated by

Min, [, X®, pte1] > Pr[z € X®] — A(bc) - p(z,e) (7)

where p(x,¢) is the maximum of Pr[z(e) = €] over all
bits e € N (cf. the estimate (1)).

Theorem 2. Let f be a monotone Boolean function on
n variables and let C' be a monotone d-local real circuit
computing f. Then for any random inputs x,y, any
norms g, p1 and any integers 1 < a,b < n,

size(C) > min {F})(a:,a, b, d),F}(y, ba,d)}. (8)

The proof of Theorem 2 is similar to that of Theo-
rem 1 using more general notion of finite limit (depend-
ing this time on the norm), and therefore — the follow-
ing more general Limit Lemma instead of Lemma 3.

Definition 6. Let y be a norm. A k-limit for a set A
under p is an input x such that u(S) > k + 1 for any
legal witness S of x against A.

Note that the only difference from Definition 3 is
that now we take u(S) > k + 1 instead of |S| > k + 1.

Lemma 5. (Limit Lemma; General Form) Let y1q
and pa be norms; ¢ be the defect of p1 and X be the
deviation of ps. Let A = {z1,...,2m} be a sequence
of inputs from f~'(g), each of which respects the norm
11, and suppose that there is a sequence of sets §) #
B; C ... C B, C f~Ye® 1) such that, for every
i=1,...,m

(i) input z; is an (rc)-limit for B; under the norm
M1,

(ii)) no input from B; is an s-limit for the set
{zi,...,z} under the norm ps.

Then, for any random input x,

Prjz € A] < A(s)" - Max, [z, 4, p1] .

The proof of this lemma is almost the same as that
of Lemma 3, taking more care on the possible devi-
ation between the norm u(S) and the cardinality |S]|.
Actually, the only place in the proof of Lemma 3 where
the norm plays its role is the lemma about transversals
(Lemma 2). Using the estimates (5) one can easily
modify the proof of this lemma to the case of arbitrary
norms.

Let u be anorm. A k-critical transversal for F under
the norm p is a set T, which respects p and for which
there is an index [ € {1,...,t} such that T intersects
all the sets Si,...,S; but no its subset 7" C T with
w(T") < k does this.

Lemma 6. Let F be a sequence of bit sets, each of car-
dinality at most s. Let p be a norm and c be its defect.
Let T be a family of (rc)-critical under u transversals
for F. Then there is a family H, of bit sets such that:
() [Hr| <™, (i) r < p(H) <rc for all H € H,, and
(iil) every set from T contains at least one set H € H,.

(A proof of Lemmas 5 and 6 can be found in an
earlier version of this paper [18]).

6. Two applications

In this section we demonstrate how using the gen-
eral criteria (refcriterion-simple and Theorem 2) one
can easily derive exponential lower bounds for explicit
Boolean function. The main goal of these examples is
to stress the tractability: given an explicit function, we
need only to make some elementary computations.

6.1. Drawing polynomials

Andreev in [3] introduced the following monotone
function on the variables X = {z;; : 4,5 € GF(q)} (¢is
a prime power): POLY, ;(X) =1 <= there is a poly-
nomial p(z) of degree at most s—1 over GF'(q) such that
z; p(iy = 1 for all i € GF(q). He proved that any fanin
2 AND/OR circuit computing this function (for appro-
priate values of s) requires size at least exp(Q(n'/8-¢).
Using Razborov’s method of approximations, Alon and
Boppana [1] were able to essentially improve this bound
until ¢**) for any s < (g/Ingq)'/?/2; for maximal pos-
sible s this bound is exponential in Q(n'/*v/Inn), and
this is the largest known lower bound for ‘natural’ func-
tion in NP. This bound is almost optimal because ¢g*t!
is the trivial upper bound for POLY,, (this function
is an OR of ¢° monomials, each of ¢ literals). Using
our criterion we extend this lower bound to circuits
with bounded degree but unbounded fanin monotone
circuits over the reals.

Corollary 1. Let s < (¢/Ing)'/?/2 and let C be a
monotone d-local real circuit computing POLY ;. Then
C has size ¢*¥s/d),



Proof: Let f = POLY, ;. We are going to apply
the criterion in its simple form (Theorem 1). Let x
be a random input, which on each point e = (¢, J) of
GF(q) x GF(q) independently takes the value 0 with
probability v and takes the value 1 with probability
1 —~y (where ~ is a parameter to be fixed later). Let y
be a random input distributed uniformly on the set of
graphs of all polynomials over GF(q) of degree at most
s — 1. We have only to calculate the values of H}) and
Hj in (3).

For the first input & we have that

Ming [2,0] > Pr[f(x) =0] —b-Pr[z(e) = 0]
= 1-¢"(1=7)7-bv.

Max, [z,0] = lr;z;:{cLPr[f(m) =0 and z(S) =0]

< 74

(Max, [2,0] is the maximum probability that z avoids
a fixed set S of a points in GF(q) x GF(q)).
For the second input y we have that

Min, [y,1] > Pr[f(y) =1] —a-Prly(e) =1]
= 1-a/q.

Maxy [y, 1] = max Pr[f(y) =1 and y(S) = 1]
< ¢

(Maxy [y, 1] is the maximum fraction of polynomials of
degree at most s —1, all of which coincide on some fixed
set of b elements from GF(q))

Taking a = [(slng)/d], b = [s/d], and v &
(2s1ngq)/q we get

H})(w,a,b, d) > M Q(s/d)

2q
(db)eve
and . /
Hi(u. b.a.d) > ——H9 5 s/d)
f(y> ) ) jtl (da)bq_b 29 ’
and Theorem 1 gives the desired lower bound. ]

6.2. Detecting cliques

Let N be the family of all n = (7}') 2-element sub-
sets (edges) of some set V of m vertices. This way
every input z : N — {0,1} can be identified with the
undirected graph G, = (V,E) where (u,v) € E iff
z(u,v) = 1. The clique function CLIQUE,,, ;. is a mono-
tone Boolean function on n variables, which given an

input  computes 1 iff the graph G, contains a k-clique,
i.e. a complete subgraph on k vertices.

Using the method of approximations, Razborov in
[23] proved the first super-polynomial lower bound
nf2(108 ) for this function. Subsequently, Alon and Bop-
pana [1], by strengthening the combinatorial part of
Razborov’s proof, were able to extend this bound until
220"") for any k < (m/8logm)?® . For maximal pos-
sible k, this bound is exponential in Q(n'/¢/(logn)'/?).
These bounds in [1] were proved for usual model of
fanin 2 AND/OR gates but Pudlék in [22] has shown
that this proof can be extended to circuits with ar-
bitrary monotone fanin 2 real functions as gates. Yao
[31] considered monotone circuits with arbitrary mono-
tone Boolean functions of fanin < n'/19° as gates, and
proved that any such circuits computing CLIQUE,,
with k& = loglogm, requires super-polynomial size. It
appears that in case bounded degree, even unbounded
fanin does not help.

Corollary 2. Let k < m?*3(Inm)'/3/d'/? and C
If C com-
putes CLIQUE,, ; then it has size exponential in

Proof: Let f = CLIQUE,, ,. We are going to apply
Theorem 2 with the following pair of norms: uo(S) =
|S| and p1(S) = the number of vertices incident to at
least one edge from S. The defect and deviation for
these norms are: ¢y = 1 and A\g(t) = ¢ for po, and
e =2 and A\ (t) = (%) for p.

Let & be a random input, which on every bit takes
independently the value 1 with probability 1 —~ where
v = 4k~!In(m/k). This input corresponds to a ran-
dom graph G, on m vertices, in which every edge ap-
pears independently with probability 1 — v. Let y be
a random input, uniformly distributed in the set of all

be a monotone d-local real circuit.

(inputs corresponding to) k-cliques; thus y is k-clique
with probability (Tk”)_l. We have only to calculate the
values of F? and F} in (8).

For the first input x we have that p(x,0) is the
probability that the graph G, avoids a single edge,
and hence, p(z,0) = v; Max, [@, X, po] is at most
the probability that G, avoids some fixed set of a
edges, and hence, is at most v®. Since f(x) = 1 iff
G contains a k-clique, we have, by the choice of 7,
that Pr[f(z) =01 > 1 - (7)(1 — 7)(’5) > 2/3. More-
over, X0 = f=1(0) since ppg is the trivial norm. Since



A1(2b)-y < 1/3 for any b < (k/241n(m/k))'/?, we have
by (7) that the first term F})(w, a,b,d) in (8) is at least

s (samm)

For the second input y we have that Pr [y eX 1] =1
(since cliques respect the norm u1), and p(y,1) is the
probability that a random k-clique contains a fixed
edge, and hence, is at most (777)/(7) < (k/m)?;
Max; [y, X', 1] is the probability that a random k-
clique contains some fixed set of b vertices, and hence,
is at most (777)/(%). Thus, for any a < (m/k)?/2,
the second term F}(y,b,a,d) in (8) is at least

1/ m\®

2 (M) '
Takea = [m/(2dk)], b= [(k/24d1n(m/k))/?]. For
these values of a and b, we have that F}) > 2%a) =
200m/) and F} > 2000 = 92 (VEAINm) | Gpih py (8)

gives the desired lower bound. ]

7. Conclusion and open problems

Finite limits have already been shown to provide a
convenient framework in which to prove lower bounds
for different models of computation: AC?-circuits [14],
depth-three threshold circuits [17], multi-party proto-
cols and syntactic read-k-times branching programs
[16]. All these applications are based on an appro-
priate Limit Lemma about the existence of inputs in
fF71(0) which are limits for f=1(1) (and vice versa). In
each case this lemma captures the main combinatorial
properties which make functions hard for that particu-
lar model. In some cases (like bounded depth circuits
or read-k-times branching programs) this leads to new
lower bounds, in other (like multi-party games) we get
simpler proofs of known bounds.

In this paper we have shown that finite limits work
also for monotone circuits. The whole argument is
again based on appropriate limit lemma (cf. Lemma 3).
Quite remarkably, this simple combinatorial lemma is
enough not only to get exponential lower bounds but
also to formulate a transparent lower bounds criterion
for quite general models of monotone computations. It
would be therefore interesting to understand to what
extend limits can help in the presence of negation. One
possibility here would be to relax the legality constrain

for witnesses. The legality we used in this paper en-
ables one to treat differently 0’s and 1's in inputs from
different parts f~1(0) and f~1(1). This makes the cri-
terion easy to apply, but cannot handle negation gates,
i.e. gates switching the role of 0’s and 1’s.

Karchmer in [19] and Karchmer & Wigderson
[20] established an interesting connection between
Razborov’s generalised method of approzimations [26]
and the wltraproduct construction in model theory. In
this approach one uses ultra-filters (or filters, in mono-
tone case) to construct a consistent accepting compu-
tation for an input which should be rejected. This ‘di-
agonal’ computation can be also looked as a limit for
the set of all rejecting computations. It would be inter-
esting to re-state our argument in this frame to better
understand the different (yet equal) methods.

There are also some more concrete open problems.
Let us mention two of them.

1. Large vs. small degree circuits. We have
seen that monotone circuit complexity of CLIQUE,,
depends heavily on the degree d of gates used in a cir-
cuit: if d = ('2“) then CLIQUE,, ; has monotone d-local
Boolean circuit of size 1, whereas it requires super-
polynomial size if d = o (k/log?n). Can this gap be
essentially improved?

2. Boolean vs. real circuits. We have already men-
tioned in the introduction that some monotone Boolean
functions (namely — some slice functions) have small
real monotone circuits of constant fanin but require ex-
ponential size Boolean circuits (even over the complete
basis {A,V,—}). Unfortunately, we are not able ex-
hibit any of such functions explicitly (this could imply
P # NP). It would be therefore interesting to find an
explicit monotone Boolean function f which has small
real monotone circuits (of constant fanin) but requires
large Boolean monotone circuits. As a possible can-
didates let us mention the following two functions on
n = m? variables: the perfect matching function PM,,
and the odd factor function OF,,. The input for both
functions is an m x m (0, 1)-matrix representing a bi-
partite graph X with m vertices in each part. Graph
X is accepted by PM,, if it has a perfect matching,
whereas for X to be accepted by the second function
OF,, it is enough that X has an odd factor, i.e. a span-
ning subgraph such that all vertices have odd degree
in the subgraph (thus X is rejected by OF,, exactly if
it has a component with an odd number of vertices).
Both these functions require monotone fanin-2 Boolean



circuit of size n‘2(1°8™) (see [24, 5]) whereas their real
circuit size is not clear.
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