DISPR OVING THE SINGLE LEVEL CONJECTURE

STASYS JUKNA YZ

Abstract. We consider the size of monotone circuits for quadratic boolean functions, that is,
disjunctions of length-2 monomials. Our motiv ation is that a good (linear in the number of variables)
lower bound on the monotone circuit size for a certain type of quadratic function would imply a good
(even exponential) lower bound on the general non-monotone circuit size.

To get more insight into the structure of monotone circuits for quadratic functions, we consider
the so-called single level conjecture posed explicitely around 1990. The conjecture claims that mo-
notone single level circuits, that is, circuits which have only one level of AND gates, for quadratic
functions are not much larger than arbitrary monotone circuits. In this paper we disprove the conjec-
ture: there are quadratic functions whose monotone circuits have linear size whereas their monotone
single level circuits require almost quadratic size.
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1. Intro duction. A quadratic booleanfunction is a monotone booleanfunction
whoseall prime implicants have length two. There is an obvious corresppndencebe-
tweensud functions and graphs: every graph G = (V; E) de nes a natural quadratic
function

(1.1) fa(X)= " XuXy;

uv2E
and every quadratic function de nes a unique graph. We considerthe complexity of
computing sud functions by monotone circuits, that is, by circuits over the standard
monotone basisf_;”;0; 1g of fanin-2 AND and OR gates. Single level circuits are
circuits whereevery path from an input to the output gate cortains at most one AND
gate. Note that every quadratic booleanfunction f g in n variables can be computed

by atrivial monotonesingle-le\el circuit with at mostn 1 AND gatesusingthe form
!

(1.2) Xy N Xy
u2s Viuv2E
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where SV is an arbitrary vertex cover of G, that is, a set of vertices suc that
every edgeof G is incident with a vertex in S.

Single Level Conjecture: For quadmtic functions single level circuits are
almost as powerful as unrestricted ones

Here\almost" means\up to a constart factor." This conjecture| rst  explicitly
framed asthe \single level conjecture” by Lenz and Wegenerin [14]|w asconsidered
by sewral authors, [12, 4, 5, 17, 14, 2] among others. That the conjecture holds for
almost all quadratic functions was shavn by Bloniarz [4] more than twenty v e years
ago and, so far, no (even constart) gap betweenthe size of generaland single level
circuits for quadratic functions was known.

In this paper we disprove the single level conjecture in a strong sense:there are
guadratic functions in n variables whose monotone circuits have linear size whereas
their monotone single level circuits require size ( n2=log®n). A similar gap is also
shawvn for booleanformulas. We also discussthe single level conjecture in the caseof
monotone circuits with unbounded fanin gates.

Why should we care about monotone circuits for quadratic functions, when we
already can prove high (even exponertial) lower boundsfor monotone circuits? There
are seeral reasonsfor this.

1. Any explicit n-vertex graph G, that cannot be represened (in a sensede-
scribed later in x 3) by a monotone circuit using fewer than cn gatesfor a su cien tly
large constart ¢ > 0, would give us an explicit exmpnential lower bound for general
(non-monotone)circuits. Let usbriey sketch how this happens. Every bipartite n n
graphG U W with n=2" andU = W = f0;1g™ givesus a boolean function f
(the characteristic function of G) in 2m variables sud that f (uv) = 1 if and only if

f whoseinputs are variablesy; and their negationsy;; the rest of the circuit is mono-
tone (consistsof AND and OR gates). Then, accordingto the so-called\magni cation

lemma" [10Q], it is possibleto replaceits 4m = 4logn input literals (both positive and
negative) by appropriate boolean sums (ORs) of variablesin X = fx, : v2 U[ Wg
sothat the resulting monotone circuit F. (X) in jXj = 2n variablesrepresens G. It
can be shawvn (see[21] or Lemma 3.6 below) that all these4logn boolean sums can
be simultaneously computed by a monotone circuit of sizecn for a constart c. There-
fore, the sizeof F cannot be much smaller than that of F, : sizdF) sizeF+) cn.
Hence,a lower bound cn + n on the size of monotone circuits represeriing G would
yield a lower boundn = 2™ on the non-monotone circuit size of an explicit boolean
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function f in 2m variables.

2. Better yet, for somegraphs G, fg is the only monotone boolean function
represeting G. Suc are, in particular, complemerts of triangle-free graphs (seeOb-
senation 3.5 below). Hence,one could obtain large (even exponertial) lower bounds
for general non-monotone circuits by proving a good (but only linear) lower bound
on the monotone circuit sizeof suc quadratic functions.

3. Unlike boolean functions, graphs have been studied for a long time, and
explicit constructions of graphs with very special properties are already known. It
is therefore a hope to designa lower bound proof that is highly specializedfor some
particular graph or somesmall classof graphs. This could (probably) lead to a lower
bound proof which will not ful ll the \largeness" condition in the notion of \natural
proofs" [23].

4. When applied to quadratic functions, known lower bound argumerts for mo-
notone circuits|Razb orov's method of approximations [22] and its modi cations|
cannot yield lower bounds larger than n. The reasonfor this is that theseargumerts
are lower bounding the minimum of AND gatesand that of OR gatesneededto com-
pute the function, and (as we already noted above) every quadratic boolean function
fe in n variables can be computed by a trivial monotone single-lewel circuit with at
most n AND gates.

We therefore need ertirely new lower bound argumerts for monotone circuits
computing quadratic functions. For this, it is important to better understand the
structure of sud circuits. And the (long studied) single level conjecture seemsto be
a good starting point in this direction.

2. Results. Let us rst introduce somenotation. By the size of a circuit we will
always meanthe number of gatesin it. For a monotone boolean function f, let C(f)
denotethe minimum number of gatesand Cg (f ) the minimum number of AND gates
in a monotone circuit computing f . Let alsoCY(f) and C; (f ) denotethe single level
courterparts of these measures. Further, let L(f) and L(f) denote the minimum
length of a monotone (resp., of a monotone single level) formula computing f . Recall
that a formula is a circuit where all gateshave fanout 1, i.e. the underlying graph is
a tree; the length of the formula is the number of leavesof this tree.

In Table 2.1 we summarize known upper and lower bounds on the maximum
possible complexity of quadratic functions fg over all n-vertex graphs; the upper
bounds here hold for all graphs and the lower bounds for almost all graphs.

In this paper we are interested in the corresponding gaps between general and
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Table 2.1
Known bounds on the maximum complexity of quadratic functions

Upp er bounds Lower bounds

C'(n) = O(n*=log n) ([4]) C(n) = ( n®=logn) ([4])
L1(n) = O(n2=logn) ([26, 5,21]) | L(n) = ( n2=logn)
Cé(n) n blognc+ 1 ([26, 14]) CglL(n) n clogn ([24])
Ce(n) = ( n=logn) ([14])
Ce(n) = (n) (2]

single level complexities for individual graphs:

1. circuit gap Gap(G) = C(fg)=C(fg);

2. multiplicativ e gap Gap i (G) = Ci (fc)=Ce (fc);

3. formula gap Gap,m (G) = Li(fg)=L(fc).
Note that the single level conjecture claims that Gap(G) = O(1) for all graphs G.
Table 2.1 shows that, for almost all graphs, the conjecture is indeedtrue.

An even stronger support for the singlelevel conjecture wasgiven by Mirw ald and
Scnorr [17]: if v[ge consider circuits over the basisf ;”;0; 1g computing (algebraic)
quadratic forms ,, ¢ XuXy over GF(2) and if we court only AND gates,then every
optimal (with respect to the number of AND gates) circuit is a single level circuit.
But the caseof circuits over the basisf_;”;0; 1g remained unclear.

In the caseof formulas, Krichevski [12] has proved that Gap,,, (Kn) = 1 for
the complete graph K, on n vertices, even if negation is allowed as an operation.
A graph with Gap¢,, (G) 8=7wasgivenby Bublitz [5]. In the caseof multiplicativ e
complexity, a graph with Gap ., (G)  4=3 was given by Lenz and Wegener[14].
Recerily, this gap was substartially enlargedto Gap,,: (G) = ( n=logn) by Amano
and Maruoka in [2]; this wasimplicit alsoin [10]. Using a construction of Tarjan [25]
(which, in its turn, wasusedby Tarjan for disproving that AND gatesare powerlessfor
computing booleansums), Amano and Maruoka [2] have alsoshavn the gap Gap(F)
29=28 for circuits computing a set F of quadratic functions. Howewer, even the
existenceof a single graph G with Gap(G) > 1 was not known.

Our main result is the following.

Theorem 2.1. There exist n-vertex graphs G such that C(fg) = O(n) but
Cl(fg) = ( n%2=log®n). Hence, Gap(G) = ( n=log®n).

The graphsusedin Theorem 2.1 are saturated extensionsof Sylvester-type graphs,
that is, of bipartite graphswhoseverticesare particular vectorsin GF(2)", and where
two vertices are adjacert i their scalar product over GF(2) is 1. The saturated
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extension of a bipartite graphH U W is a (hon-bipartite) graph G = (V; E) with
V=U[ Wsuhthat E\ (U W)= H and the induced subgraphsof G on U as
well ason W are complete graphs. The reasonto considergraphs of this special form
liesin the simple fact (Lemma 3.8 below) that having a small circuit represeting H
we can construct a small circuit computing f¢.

Todisprove the singlelevel conjecturefor formulas, we considera bipartite version
of graphs introduced by Lovasz[15] in his famous proof of Kneser's conjecture [11].
A bipartite Kneser n n graph is a bipartite graph K U W whereU and W
consistof all n = 2" subsetsu of f1;:::;rg,anduv2 K i u\ v=;.

Theorem 2.2. If G is the saturated extension of a bipartite Kneser n n
graph, then L(fg) = O(nlogn) but L(fg) n'*¢ for a constant ¢ > 0. Hence,
Ga-pform (G) =n @) .

Next, we considerthe single level conjecture for monotone unbounded fanin cir-
cuits and formulas. Note that in this casesingle level circuits are precisely the 3
circuits: the bottom (next to the inputs) level consistsof OR gates,the middle level
consistsof AND gates,and the top level consistsof a single OR gate. For a monotone
boolean function f, let C (f) (resp., L (f)) be the minimum size of a monotone un-
bounded fanin circuit (resp., formula) computing f . Let alsoC*(f ) and L(f ) denote
the corresponding measuresin a classof monotone 3 circuits (i.e. the single level
versionsof thesemeasures).Note that, alsoin the caseof formulas, we now court the
number of gates, not the number of leaves.

Single level circuits of unbounded fanin are interesting for at least two reasons.

1. The presenceof unboundedfanin gatesmay exmnentially increasethe power
of single level circuits: if, say, G is the saturated extension of an n to n matching,
then C1(fg) = ( n) but C1(fg) = O(logn) (by Lemmas3.8, 3.10and 3.13 below).

2. By the reduction due to Valiant [27], a lower bound of the form n® on the
sizeof a monotone 3 formula represeriing an explicit n-vertex graph would give us
a suger-linear lower bound on non-monotone (fanin-2) circuits of logarithmic depth,
and thus, would resolwe an old and widely open problem in circuit complexity (see
[10] for details).

The form (1.2) implies that C(fg) = O(n) for all n-vertex graphs. On the other
hand, easycourting shavs C (fg) = ( n) for almost all n-vertex graphs: every gate
in a circuit of sizet can have at most 2! possible sets of immediate predecessors,
. . 2 . . .
implying an upper bound 2°(t") on the total number of sud circuits. Hence, alsoin
the caseof unbounded fanin circuits, the single level conjecture holds for almost all



6 S. JUKNA

guadratic functions. The following theorem gives a stronger result: the conjecture
holds for explicit (and large) classesof quadratic functions.

Recall that asetS V is a vertex cover of G = (V;E) if every edgeof G is
incident with a vertex in S. Let (G) denote the minimum cardinality of a vertex
cover of G. Note that for every n-vertex graph G = (V; E) of maximum degreed we
havejEj=d  (G) n 1. Let alsom(G) denote the maximum possiblenumber m
sud that G contains a matching with m edgesasan induced subgraph. Represemation
(1.2) givesus the upper bound C(fg) L(fg) 2 (G)+ 1. On the other hand,
we have the following lower bounds.

Theorem 2.3. For every %raph G we have C (fg) m(G) + 1. Moreover,
Li(fg) (G)=dand Cl(fg) " (G)=d, whete d is the maximum degree of G.

Hence, if we consider circuits with unbounded fanin gates, then the single level
conjecture is true for all n-vertex graphs corntaining an induced matching with ( n)
edges:for all such graphswe have C (fg) = ( n) and C(fg) = O(n).

In the caseof multiplicativ e complexity (where we count only AND gates) we
have the following gap.

Theorem 2.4 ([2]; implicit in [1, 10)). If G is the saturated extension of an n
to n matching, then Cg (fg) = O(logn) but C} (fg) = ( n). Hence, Gap, (G) =
( n=logn).

This result was implicit in [10] (and even in [1], cf. Lemma 3.10 below) where
it was shovn that an n to n matching M (a bipartite n n graph consisting of n
vertex disjoint edges)can be represeted by a monotone CNF with O(log n) clauses.
The proof in this caseis particularly simple, and we include it just for completeness.
Amano and Maruoka [2] have useda somewhatdi erent argumert to shav the same
gap.

The rest of the paper is organized as follows. In the next section we collect
some preliminary de nitions and technical facts. We then use these facts to prove
Theorems2.1{2.4 in xx 4{7. We concludewith seeral open problems.

3. Preliminaries. In this sectionwe rst recall from [10] the notion of graph
represenation, exposesomeproperties of quadratic functions of saturated graphsand
recall someresults about booleansums. We then prove somegeneral(graph theoretic)
bounds on the circuit complexity of quadratic functions.

We shall use standard graph theory notation. A set of verticesis independent if
no two of its vertices are adjacert. A non-edge is a pair of non-adjacer vertices; if
the graph is bipartite then a non-edgeis a pair of non-adjacert verticesfrom di erent
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Table 2.2
Summary of results concerning the single level conjecture

Kno wn This pap er
circuits Gap(F) 29=28 ([2]) Gap(G) = ( n=log®n)
(all gates) (for a set of graphs; no known Sylvester-type graphs
gap for a single graph) (main result)
formulas Gap jom (Kn) = 1 ([12]) Gap o (G) = n®
(all gates) Gap tom (G)  8=7 ([5]) Kneser-type graphs
circuits no gap over GF (2) [17] Gap nmut (G) = ( n=logn)
(AND gates) Gap e (G)  4=3 ([14]) perfect matchings
Gap ;1 (G) = O(n=loglogn) ([2]) | (also in [2]; implicit in [1, 10])
unbounded fanin C (fg) m(G)+1
(all gates) (G)=d Li(fg) 2(G)+1
Cl(fc) = (G)=d
8 G of maximal degreed

parts (color classes)that is, pairs of verticesin one color classare neither edgesnor
non-edges. A sulgraph (or a spanning sulgraph) of a graph is obtained by deleting
its edges.An induced sulgraph is obtained by deleting vertices (together with all the
edgesincident with them). The main di erence betweenthesetwo typesof subgraphs
is that every non-edgeof an induced subgraphis alsoa non-edgeof the original graph.
A bipartite clique K 5, is a complete bipartite graph with color classef sizea and b.

3.1. Graph represen tation. Every graph G = (V; E) givesus a set of boolean
functions \represerting” this graph in the following sense.We assciate to ead vertex
v a booleanvariable x,,, and considerbooleanfunctions f (X ) with X = fx, : v2 Vg.
Sud a function accepts/rejects a subset of verticesS  V if it accepts/rejects the
incidence vector of S. We are interested in the behavior of sud functions on edges
and non-edgesof G, viewed as 2-elemen setsof their endpoints.

Definition 3.1 ([10]). A boolean function represens a given graphif it accepts
all edgesand rejects all non-edges.

Hence, f (X ) represens the graph G if for every input vector a 2 f0;1g* with
preciselytwo 1's in, say, positionsu and v, f (a) = 1if uv is an edge,and f (a) = O if
uv is a non-edgeof G. If uv is neither an edgenor a non-edge(in the bipartite case)
or if a contains more or lessthan two 1's, then the value f (a) may be arbitrary .

Note that the quadratic function fg represens the graph G in a strong sense:
for every subsetS V, fg(S) = 0if and only if S is an independen set of G. But,
in general,there may be many other boolean functions represeiiing the samegraph,
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becausethey do not needto reject independert sets with more than two vertices.
Hence, there are more chancesto designa small circuit represeting a given graph
than to (directly) designa small circuit computing its quadratic function. We will
usethis possibility later to upper bound the circuit size of quadratic functions.

A completestar around a vertex u in a graph with n verticesisasetofn 1 edges
sharing u as one of their endpoints. If the graph is bipartite, then a complete star
is a set of edgesjoining all vertices of one part with a xed vertex of the other part.
A graph is star-free if it contains no complete stars. The only property of star-free
graphswe will uselater is given by the following simple

Obser vation 3.2. Any monotone boolean function representinga star-free graph
must reject all its single vertices.

This is true becausef (fug) = 1 together with the monotonicity of f implies that
f must acceptall edgesof a complete star around u.

3.2. Saturated graphs. As noted above, besidesthe quadratic function fg,
there may be many other monotonebooleanfunctions represening G|these functions
may \wrongly" acceptsomeindependen setsof G of cardinality larger than two. The
simplest way to exclude this possibility is to \kill o " all sud independert sets by
\saturating" the graph, i.e. by adding new edges.This way we cometo the following

Definition  3.3. A graph G is saturated if it hasno independent setswith more
than two vertices, that is, if the complementof G is a triangle-free graph.

The rst interesting property of quadratic functions of saturated graphs is that
thesefunctions belongto a fundamenal classof so-called\slice functions” were nega-
tion is almost powerless(see,e.g.,[29], xx 6.13-6.14). Recall that a k-slice function is
a monotone booleanfunction f sud that f (a) = O for inputs a with lessthan k ones,
and f (a) = 1 for inputs a with more than k ones,that is, f = f ~ T? _ T2, .

Obser vation 3.4. If G is a saturated graph, then f ¢ is a 2-slice function.

Proof. Let G = (V;E) be a saturated graph, and S V. If |Sj < 2 then
fc(S) = 0, by the de nition of quadratic functions (they cannot have prime implicants
shorter than 2). If |Sj > 2 then S cannot be an independen set sinceG is saturated,;
hence,fg(S) = 1. O

The next interesting property of saturated graphsis their unique function repre-
sertation.

Obser vation 3.5. If G is a saturated star-free graph, then f ¢ is the only mono-
tone boolean function representing G.

Proof. Let f bean arbitrary monotonebooleanfunction represetting G. We have
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to show that f (S) = fg(S) for all subsetsS V. If fg(S) = 1then S contains both
endpoints of someedge. This edgemust be acceptedby f and, sincef is monotone,
f(S)= 1. If fg(S) = 0then S is an independert set of G, and jSj 2 sinceG is
saturated. Hence, S is either a single vertex or a non-edge. In both caseswe have
that f (S) = 0 becaused must reject all non-edgesand, by Obsenation 3.2, must also
reject all single vertices. d

3.3. Boolean sums. We shall also usethe following two facts about the mono-
tone C\R)”nplexity of %oleansums. The disjunctive complexity of a collection of boolean
SUMs ,g Xi;iil; jpg,. Xi (or of the corresponding family of setsSy;:::;Sy) is the
minimum size of a circuit consisting solely of fanin-2 OR gates and simultaneously
computing all thesem boolean sums.

Lemma 3.6 (Pudlak{Rod{Savicky [21]). For everym k 1, the disjunctive

k(n 2)+ k2dm=kerl m:

In particular, any collection of klogn boolean sumsin n variables can be simultane-
ously computed by a circuit consisting solely of at most 3kn fanin-2 OR gates.

By this lemma, boolean sums may not necessarilybe computed separately: one
partial sum computed at someOR gate may be used many times. Still, the overlap
of gates cannot be too large if the sums are \disjoint enough”. A family of setsis
(h; k)-disjoint if no h + 1 of its members sharemore than k elemens in common.

. .m
— Si]

Proof sketch At leastjS;j 1 gatesare necessaryfor computation of the i-th sum
and at least jSjj=k 1 of the functions computed at these gates are boolean sums
of more than k summands. We only court these gates. Since the family is (h;k)-
disjoint, ead of these gatescan be useful for at most h outputs. Hence,we need at
least . (jSij=k 1)=h gatesto compute all m sums. O

3.4. Upp er bounds for general circuits. An extension of a bipartite graph
H U W is a (non-bipartite) graph G = (V;E) with V = U[ W sud that
E\ (U W)= H. The saturated extensionis an extensionwhoseinduced subgraphs
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on U as well ason W are complete graphs. That is, saturated extensions consist
of two disjoint cliques with some edgesbetweenthese cliques. A useful property of
such graphs (besidesthat they are saturated) is that the complexity of computing f ¢
cannot be much larger than the complexity of representingH : to determine the value
fc(S) it is enoughto additionally test whether S has more than two elemerts.
By the length of a CNF we mean the number of clausesin it.
Lemma 3.8. LetH U W bea bipartite n n graph, G the saturated extension
of H, and f a monotone boolean function representingH. Thenfg = (f ~ g) _h
where g is a monotone CNF of length 2 and h is an OR of O(logn) monotone CNFs
of length 2. Moreover, if H is star-freethenfg = f _ h.
Remark Note that Cg (h) = O(logn), L(h) = O(nlogn) and C(h) = O(n). The
rst two upper bounds are obvious, The third follows from Lemma 3.6.
Proof. Let g = w2uXu N we2w Xw and h = Ky _ Kw whereKy(S) =1
i jS\ Uj 2,that is, Ky is the quadratic function of a complete graph on U. Since
the edgesof a complete graph n-vertex graph can be coveredby m  dlogne bipartite
cliques, eadh of the functions Ky and Ky hasthe form
m
(3.1) B Xy N Xy
i=1 U2A; V2B

with m dogneand A;\ B; = ; foralli = 1;:::;m. Hence,h can be computed by
an OR of m monotone CNFs of length 2. It remainsto shaw that (f  g) _ h coincides
with fg.

If fc(S) = 1then S contains both endpoints of someedgeuv of G. This edge
must be acceptedeither by f ~ g (if uv 2 H) or by h (if both u and v are in the same
color class). Sinceboth f ~ g and h are monotone, the function (f ~ g) _ h acceptsS.

If fc(S) = 0then S is anindependert setof G, that is, S is either a single vertex
or a non-edgeof H. In both casesh(S) = 0 becausenone of the color classescan
cortain more than onevertex from S. Moreover, g(S) = 0if S is a single vertex, and
f(S) = 0if Sis anon-edgeof H. Hence,the function (f » g) _ h rejects S.

If H is star-free then the function f alone must reject all single vertices, implying
that in this casefg = f _ h. d

Lemma 3.8 givesus a simple (but useful) tool to shawv that a quadratic function
fe of the saturated extension of a bipartite graph H can be computed by a small
monotone circuit: it is enoughto representH by a small circuit. To adieve this last
goal, it is often enoughto show that H has small \in tersection represertation.”
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Say that a graph G admits an intersection representation of sizer if it is possible
to asseiate with every vertex u a subsetA, of f1;:::;rgsothat A, \ A, = ; if uv
isan edge,and A, \ A, 6 ; if uv is a non-edgeof G. Let int(G) denote the smallest
r for which G admits sud a represenation.

Let cnf(G) denote the minimum length of a monotone CNF represeiing the
graph G, and let cov(G) denote the minimum number of independent setsof G cov-
ering all non-edgesof G.

Lemma 3.9 ([9, 10Q)). For everygraph G, cnf(G) = int(G) = cov(G).

The rst equality was obsened in [10], and the second\i/n [9]\A}30th are easyto
verify. If a graph G = (V;E) can be represetied by a CNF |, v2s, Xv, then the
setsA, = fi : u 62S;g give the desired intersection represenation of G, the r sets
i =fu2V :i2Aygareindependent and cover all non-edgesof G, and the CNF of
the form above with S; = V nl; represeits the graph G.

Alon [1] usedprobabilistic argumerts to provethat cov(G) = O(d? logn) for every
n-vertex graph G of maximum degreed. Hence,we have the following generalupper
bound.

Lemma 3.10 (Alon [1]). For every n-vertex graph G of maximum degree d, we
havecnf(G) = O(d?logn).

Another possibility to shaw that a graph H can be represerned by a small mono-
tone circuit is to designa small non-monotone circuit represening H, and then use
the fact that negation is (almost) powerlessin the context of graph represeration.

Lemma 3.11. Let H be a bipartite n n graph. If H can be represental by a
circuit of sizeL over the basisf_;”;:g, then H can be representel by a monotone
circuit of sizeat most 2L + O(n).

Proof. The proof is reminiscert of the proof, due to Berkowitz [3], that negation
is (almost) powerlessfor slice functions (seealso Theorem 13.1in [29)).

Let F beacircuit of sizeL over the basisf_ ;”;:g represeiiing a bipartite graph
H U W. Using DeMorgan rules we can transform this circuit to an equivalent
circuit FOof sizeat most 2L sud that negationis usedonly ow’nputs. Wethen replace
ead negatedinput X, with u 2 U by a booleansum g, = VZWngV’ and replace
ead negatedinput X with w 2 W by a boolean sum hy = 5y ygXv. Since
all thesebooleansumscan be simultaneously computed by a trivial circuit consisting
of O(n) OR gates (see, e.g. [29], p. 198 for a more general result), the size of the
new circuit F. doesnot exceed2L + O(n). Sincethe only di erence of F, from the
original circuit F is that negatedinputs are replacedby boolean sums, it remainsto
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shav that onarcsab2 U W thesesumstake the samevaluesasthe correspnding
inputs.

Take an arbitrary setS = fa;bg with a2 U and b2 W. The incidence vector
of this set has preciselytwo 1's in positions a and b. Hence,g,(S) = 1i a6 ui
Xu(S) = 0i Xy(S) = 1. Similarly, hy,(S) = 1i b6 wi xuw(S)=0i Xu(S) = 1.
Hence,on edgesand non-edgesof H the functions g, and h,, take the samevaluesas
the negatedvariables X, and X,,, implying that F. represerts H. d

3.5. Lower bounds for single level circuits. Givenacovering E = Si”ll A
B of the edgesof a graph G = (V;E) by bipalgite cliques, its size is the number m
of cliques, and its weight is the total number i”ll (JAij + jBjj) of verticesin these
cligues. Let cc(G) denote the minimum size and cc,(G) the minimum weight of a
bipartite clique covering of G. Thesemeasureswere rst studied by Erdps, Goodman
and Posain [9], and now are the subject of an extensiwe literature. In particular, it is
known that the maximum of cc(G) over all n-vertex graphsisn  (log n) [6, 26, 24],
and that the maximum of cc,(G) is ( n?=logn) [4, 7, 5].

For a graph G, let (G) bethe minimum of (a+ b)=abover all pairsa;b 1 sud
that G corntains a copy of a complete bipartite a b graph K 5.

Lemma 3.12. For every graph G, C; (fg) = c(G) and L*(fg) (G) jEj.
Moreover, if G is an extension of a bipartite graph H, then co(G) cc(H)=2 and
ca(G) caw(H).

Proof. The equalities CZ (fg) = cc(G) and L*(fg) = ccy(G) follow immediately
from the fact (shown in [4, 14]) that monotone single level circuits for quadratic
functions have the form (3.1) where m is the number of AND gatesin the circuit.

To show that cc, (G) (G) jEj,letE =A; Bi[ [ Am B beabipartite
clique covering of G = (V; E) of minimal weight. SelectsubsetsE; A; B,; sothat
the E;s are disjoint and cover the sameset E of edges.Then

0@ = G+ B = AITIBE

i=1 i=1 e2E; JEi]

(G)= (G) JEI

i=1 e2E;

To prove the last claim, let G = (V;E) be an extension of H U W, hence,
E\ (U W)=H.If A; Bj,i=1:::;mis abipartite clique covering of G, then
(Aij\V U) (Bi\W), (Bi\ U (Aj\ W), i=1;:::;mis a bipartite clique covering
of H. The number of bipartite cliquesin this new covering is at most twice that in
the original covering, and the total number of vertices in the new covering does not
increaseat all. d
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The case of circuits when we count all gates (not just AND gates) is a bit
more complicated becauseboolean sums (entering AND gates) may not necessar
ily be computed separately: one partial sum computed at some OR gate may be
used many times. Still, by Lemma 3.7, we know that the overlap of gates cannot
be toevlarge if thev\?ums are disjoint enough. The disjointness of a collection of
sums ,g Xi;iil; s, Xi isnaturally related to the absenceof large cliquesin the
incidencem n graph of this collection wherei andj areadjacert i j 2 S;: the col-
lection of sumsis (h; k)-disjoint preciselywhen this graph hasno copiesof K p+1 :k+1 -
Amano and Maruoka [2] usedthis relation to shav that C1(fg) jEj for any graph
G = (V;E) with no copiesof K,.,; in this casethe corresppnding sums are (1; 1)-
disjoint. Their argumert can be easily extendedto yield a lower bound of the form
Cl(fg) JEj=t°W for Ky, -free graphs. Howewer, we needsuper-linear lower bounds
on C1(fg) for graphs G which are saturated extensionsof bipartite n  n graphsH,
and sud graphs already have copiesof K; with t = n=4, even if the graph H itself
is K2.o-free.

Togetrid of this problem, we usea tighter analysisof singlelevel circuits to prove
a stronger result, namely, a lower bound on the minimum size C(H) of monotone
single level circuits representing H (recall that sud a circuit must behave corectly
only on edgesand non-edgesof H; on other inputs it may take arbitrary values). If
G is an extensionof H then non-edgesof H are also non-edgesof G, and hence,must
be rejected by f . This meansthat ewvery circuit computing f ¢ must also represen
H, implying that C'(fg) C*(H) for every extensionG of H.

Lemma 3.13. LetH U W be a bipartite star-freen n graph with no copies
of K¢t . Then C1(H) = ( jHj=t3).

Proof. Takea minimal monotonesinglelevel circuit F represerting H. The circuit
F hasthe form ™, g ~ h; where

g=  Xygandhi= = X,
u2s; V2T

with S;; Ty U[ W are booleansumscomputed at the inputs of the i-th AND gate.
Our goalis to shav that we needmany OR gatesto compute these sums. We cannot
apply Lemma 3.7 directly to these sumsbecausethe corresponding families may not
be disjoint enough. Still, we can use the absenceof Ki; in H to shov that the
restriction of thesefamilies to the left part U or to the right part W of the bipartition
must contain a large enough (t; t)-disjoint subfamily.

First, obsene that S;\ T; = ; becausethe graph H is star-free (single variables
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represem complete stars). Also, if for somei, both S; and T; would ertirely lie in
the samepart of the bipartition, then we could just remove the i-th AND gate|the
resulting circuit would still represen H (recall that on pairs of vertices within one
part of the bipartition the circuit cantake arbitrary values). So, we may assumethat
this doesnot happen. Hence,H is the union of bipartite cliques

Ai Bi = (S,\ U) (T|\ W)
AY B2=(Ti\ U) (S\ W)

i = 1;:::;m contains at leastjHY  jHj=2 edgesof H (if not, then take the remaining

and B; must have fewer than t elemens. Hence,if we setl = fi : jA;j < tg then
jBij < t for all i 62 . We may assumethat the bipartite graph

Hl = [ Ai Bi
i21
cortains at leastjH,j jH3=2 jHj=4 edgesof H (if not, then let H, be the union
of bipartite cliqguesA; B; with i 62 and replacethe rolesof A;j's and Bi's),

This way we obtain a bipartite K -freegraphH; A B with partsA = ., A;
andB = ,,, By, andwith jH;j jHj=4 edges.We are goingto represen this graph
by a monotone (single level) circuit F; of sizenot much larger than that of F, and to
apply Lemma 3.7 in order to shaw that the size of F; must be large; this will yield
the desiredlower bound on sizgF).

To adhieve the rst goal, we collect the boolean sumsh;;i 2 | computed in F
into a circuit F, by the following construction

Fi(X)= " xg" hy = Xy N Xy
u2A i2ly u2A 121y v2T;
wherel, = fi 21 : u2 Ajg. For ewvery vertex u 2 A, the circuit F; acceptsan arc
uv2A Bi v2T\W=B,forsomei 2| sud that u2 A;. Hence,F; represens
the graph H;. Sinceall boolean sumsh; with i 2 | are already computed in F, we
needat most
= JAi] t ]l
u2A i21
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new gatesto compute all functions x, » Wmu hi _with u 2 A. To compute the
disjunction of thesefunctions we needat most jAj i JAij t jlj additional OR
gates. Hence,size(F;) sizgF)+ 2t jlj 3t sizgF).

On the other Wnd, by the construction, the circuit F; simulg\neously computes
all booleansums ;,, hi =, Xy with u2 A and T, = ;,, Ti using only
fanin-2 OR gates. Hence,sizgF,) is at least the disjunctive complexity of the family
T =fT, : u2 Ag. This, in its turn, is at least the disjunctive complexity of the
restriction T%®= fT,\ W : u2 Agof T to the set W: having a circuit for T we can
get a circuit for T %just by setting to 0 all variablesx, with u 62W. Obsene that for
everyu?2aA,

[ [
TU\W: Ti\W: Bi

U2 A iTU2A;

is the set of all neighbors of u in H;. SinceH; hasno copiesof K, not verticesin A
can have t common neighbors. This meansthat tilge family T 9 must be (t; t)-disjoint
(in fact, even (t 1;t 1)-disjoint). SincejHj= ,,jTu\ Wj, Lemma 3.7 yields
. 1 X CJA] _ jHij  jA]

sizeF1) = ITu\ Wj Al _ 1P J—J:

t2 t t2 t
u2A

Together with the previous estimate sizgF;) 3t sizgF) and an obvious estimate
JAj t jlj t sizeF), this yields
jHij  JA]  H4j

—= sizefF):

) 1 .
sizeF) % size(F1) 36 32 %0

SincejH1j jH]j=4, the desiredlower bound sizgF) = ( jHj=t) follows. d
Now we turn to the actual proof of Theorems2.1{2.4.

4. Circuits: proof of Theorem 2.1. In order to prove the gap, claimed in

Theorem 2.1, we need (by Lemma 3.13) a bipartite n  n graph which

1. is dense,i.e., has ( n?) edges,

2. hasno copiesof K, with t about logn,

3. can be representied by a small (linear size) monotone circuit.
The existence of graphs, satisfying the rst two conditions, is a classical result of
Erdps[8]. Howewer, its proof is probabilistic and givesno idea on how to ensurethe
third condition. To getrid of this problem, we just reversethe order of the argumert:
we rst choose an appropriate graph G whose induced subgraphs satisfy the third
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condition. Then we use the probabilistic argumert to showv that G must contain a
su cien tly large induced subgraph satisfying the rst two conditions.

Let F = GF(2) and r be a sucien tly large even integer. With ewery subset
S F" weassaiate a bipartite graphHs S S sud that two verticesu and v are
adjacert if andonly if u v= 1, whereu v is the scalar product over F. We will need
the following Ramsey-type property of such graphs.

Lemma 4.1 (Pudlak{R«odlI [20]). Supmseeveryvector sppeeV  F" of dimension
b(r + 1)=2c intersects S in lessthan t elements. Then neither Hg nor the bipartite
complementH s contains K .

Proof sketch The proof is basedon the obsenation that any copy of K¢ in Hs
would give us a pair of subsetsX and Y of S of sizet such that x y = 1 for all
x 2 X andy 2 Y. Viewing the vectorsin X asthe rows of the coe cien t matrix
and the vectorsin Y as unknowns, we obtain that the sum dim(X 9 + dim(Y9 of
the dimensionsof vector spacesX °® and Y° spannedby X and by Y, cannot exceed
r + 1. Hence, at least one of these dimensionsis at most (r + 1)=2, implying that
either jX %\ Sj < t or jY®\ Sj < t. However, this is impossiblebecauseboth X © and
YO cortain subsetsX and Y of S of sizet. d

In the next lemma we use the following versions of Cherno 's inequality (see,
e.g., [18], x 4.1): if X is the sum of n independert Bernoulli random variables with
the successprobability p, then Pr(jXj (1 c¢)pn) e ¢*P=2 for 0 < ¢ 1, and
Pr(jXj cpn) 2 °" forc> 2e.

Lemma 4.2. There exists a subsetS F' of size jSj = 2" such that neither
Hs nor the bipartite complementH s contains a copy of K ., .

Proof. Let N = 2", andlet S F" be arandom subsetwhere ead vector u 2 F'
is included in S independertly with probability p= 2t 72 = Z:p N. By Cherno 's
inequality, jSj pN=2= 272 with probability at least1 e (PN) =1 o(1).

Let now V.  F" be a subspaceof F" of dimension b(r + 1)=2c = r=2 (remember
that r is even). Then jVj = 272 = * N and we may expect pjVj = 2 elemers in
jS\ Vj. By Cherno 's inequality, Pr (jS\ V] 20) 2 2¢ holds for any ¢ > 2e.
The number of vector spacesin F" of dimensionr=2 doesnot exceed .., 2 P r.
We can therefore take ¢ = r=2 and conclude that the set S intersects some r=2-
dimensional vector spaceV in 2c = r or more elemens with probability at most
2r (ogr)=2 1 = 172 = o(1). Hence,with probability 1 o(1) the setS hascardinality
at least 272 and jS\ Vj < r for every r=2-dimensional vector spaceV. Fix suc a
set S? and take an arbitrary subsetS  S°of cardinality jSj = 272, By Lemma 4.1,
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neither Hs nor Hs cortains a copy of Ker. a

Now we turn to the actual proof of Theorem 2.1.

Proof of Theorem 2.1. Let S F' be a subsetof cardinality jSj = n = 272
guaranteed by Lemma 4.2. We may assumethat u v = 1 holds for at least half of
the pairs in S (otherwise take the bipartite complemer of Hs). Hence,H = Hg isa
bipartite n n graph with n = jSj verticesin ead part and with jHj jSj?=2= n?=2
edges.Moreover, this graph cortains no copy of K, wherer = 2logn.

Let now G be the saturated extensionof H. By removing the certers of complete
stars, we obtain an induced star-free subgraph H® of H. Since the graph H has
no copiesof K,.., it can have at most 2(r 1) complete stars, implying that the
resulting subgraph HO still hasjHY jHj 2(r 1)n = ( n?) edges. Moreover,
every circuit represering H must also represen HC just becauseedges/non-edges
of HO are also edges/non-edgesof H (this is a property of induced subgraphs, not
shared by spanning subgraphs)and every circuit for H must correctly accept/reject
them. Therefore, C1(fg) CY(H) CYHY where, by Lemma 3.13, C1(HY =
( jHY9=r®) = ( n2=log®n). Hence,C1(fg) = ( n2=log®n).

To get an upper bound on C(f ), let us identify ead vector w 2 S with the set
of 1-coordinates of w. Hence, two verticesu and v are adjacert in H i ju\ vjis
odd. It is not dicult to verlfy th\% (for evenr) the graph H can be represened by
a depth-2 f?};;nula F(X) = is1 w2s Xw With § = fw 2 S: i 62wg. Indeed, the
i-th clause ,5 Xw acceptsanarcuv2 S Si u2Sorv2Si i62u\v.
Hence, the formula F acceptsuv i uv is acceptedby an odd number of clausesi
jfii621\ vgj=r ju\ vjisoddi ju\ vjisoddi uv2H.

By Lemma 3.6, all r = 2logn boolean sumsin the formula F (X ) above can be
simultaneously computed by a circuit of linear (in n) size. Hence,the graph H canbe
represened by a linear sizecircuit over the basisf_;”;:g and, by Lemma 3.11, can
be represened by a monotone circuit of linear size. SinceG is the saturated extension
of H, Lemma 3.8 implies that C(fg) = O(n). Hence, Gap(G) = Cl(fg)=C(fg) =

n=log®n . 0

5. Formulas: pro of of Theorem 2.2. Let G bethe saturated extensionof the
bipartite Knesern n graphK U V. Recallthat in this caseU and W consist
of all n = 2" subsetsu cgfl """ ;rg,anduv 2 K i u\ v=;. Sincelog, 3 > 1:58,
the graph K hasjKj = 2rl Ui = 3 n%2* ¢ edgeswith ¢ 0:08. Moreover,
the graph K can cortain a complete bipartite a b subgraph; 6 A B K
onlyifa 2<andb 2" K for some0 k r, becausethen it must hold that
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S S
wal VgV =;.Sincea a’andb Kimply (a+ b=ab (a+ B)=a%’,

we have (K) (2k+ 28 =2 2 r=2=n 172,

By Lemma3.12,L(fg) = cau(G) ccu(K) (K) jKj nt*e.

On the other hand, by its de nition, the graph K admits an intersection repre-
senation of sizer and, by Lemma 3.9, can be represerted by a monotone CNF with
int(K) r = logn clauses,and hence,by a monotone formula with O(n logn) fanin-2
AND and OR gates. Togetherwith Lemma 3.8, this implies that L(f g) = O(nlogn).
Hence,Gapiym, (G) = LY(fg)=L(fg) = ( n°=logn). 0

6. Unbounded fanin circuits: pro of of Theorem 2.3. To prove the lower
bound C (fg) m(G) + 1 we usethe communication complexity argumert. By an
obsenation due to Nisan (see[19] or [13], Lemma 11.2), C (fg) is at least the deter-
ministic two-party communication complexity of f ¢ under the worst-casepartition of
its input variables(this holdsfor arbitrary , not necessarilyquadratic, functions and for
arbitrary , not necessarilymonotone, circuits). Let now M be an induced matching in
G with jMj = m(G) edges.By setting to 0 all the variables correspnding to vertices
outside this matching, we obtain that C (fg) C (fm) (recall that M is an induced
subgraphof G). The function f, itself hasthe form fy, = ;';"1" XiVYi, i.e., is the nega-
tion of the set disjointnessfunction, and its deterministic communication complexity
under the natural partition where one player gets all x;'s and the other getsall y;'s
is well known to bejMj+ 1. Hence,C (fg) C (fy) Mj+1=m(G)+ 1.

For the proof of the secondpart of Theorem 2.3 we needthe following fact. Let
cnf(fg) denote the minimum length of (i.e. the number of clausesin) a monotone
CNF computing fg.

Lemma 6.1. For every graph G of maximum degree d, cnf(f ) (G)=d.

Proof. Let F be a monotone CNF of length t = cnf(f g) computing fg. Sincefg
hasno prime implicants of length 1 (by its de nitiow (1.1)), this CNF must contain at
least two clauses. Take any of theseclausesC = |, 5 Xy and considerthe shrinked
CNF F%= F nfCg. SinceC must acceptall edgesof G, ead of these edgesmust
have at least one endpoint in S. Hence,S must be a vertex cover of G, implying that
s (G).

Since F is a shortest CNF computing f g, the shrinked CNF F° must make an
error, i.e. it must (wrongly) acceptsomeindependert set of G. That is, there must
be an independert set | sud that ewery clause of F° cortains a variable x, with
v 2 1. SinceF%hasonly t 1 clauses,we may assumethat jlj t 1. This
error must be corrected by the clauseC, implying that ewvery vertex u 2 S must be
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adjacert (in G) with at least one vertex in |, for otherwise F would wrongly accept
the independent setl [ fug of G. Hence,at leastonevertex v 2 | must have at least
INEL (G)=t neighbors in S. Sincethe degreeof v cannot exceedd, the desired
lower bound t (G)=d follows. d

Take now an arbitrary graph G = (V; E) of maximum degreed, and let F be a
smallest monotone 3 circuit computing fg. We rst considerthe casewhenF is a
formula, i.e. all gateshave fanoyt 1. This formulaisan ORF = F; _  _ Fg of
monotone CNFs, and sizgF) ,Sl ri wherer; is the length of the i-th CNF F;.
The CNFs Fi, i = 1;:::;s compute quadratic functl%ns of subgraphsG; = (V;E;) of
G sudh that Eq [ [ ES = E. Note that (G) —1 (Gj). Sinceead of these
subgraphshas maximum dsgreeat mo|§t d, Lemma 6.1 implies that the ertire formula
F must have sizeat least  _; —1 (Gj)=d  (G)=d. If F is not a formula
(some OR gates on the bottom level have fanout larger than 1), then we still have
that sizeF) t= maxfs;rqi;:::;rsg. Takea CNF F; for which (G;j) (G)=s. By
Lemma6.1, F; haslength r; (Gj)=d (G)=sd Sinceboth r; and s do not exceed
t, this yields t? (G)=d, and the desiredlower bound t (G)=d on the number
of gatesin F follows. d

7. Multiplicativ. e complexit y: pro of of Theorem 2.4. Let G be the satu-
rated extensionof an n to n matching M. Then, by Lemma 3.12,C} (fg) = c(G)
c(M )=2 = n=2. On the other hand, M can be represerted by a monotone CNF of
length O(log n). This follows from a more generalLemma 3.10, but canalsobe shovn
directly (see[10]): let r = 2logn and assaiate with ead vertex u; on the left sideits
own r=2-elemen subsetA; of f1;:::;rg, and assignto the unique matched vertex v;
on the right side the complemen B. of Aj. It is clearthat then Aj\ Bj = ;i i=].
Hence,cnf(M) = int(M) r = 2logn. Togetherwith Lemma 3.8, this implies that
Ce (fe) = O(logn). Hence,Gap,,: (G) = ( n=logn). d

8. Concluding remarks and open problems. As we mertioned in x 2, the
unbounded fanin version of the single level conjecture is true for almost all graphs.
Better yet, Theorem 2.3 implies that the conjecture is true for all n-vertex graphs
containing an induced matching with ( n) edges. Still, it seemsvery unlikely that
the conjectureis true for all graphs.

Pr oblem 8.1. Does there exi%t n-vertex graphs G of maximal degree d with
L (fe) = o( (G)=d) or C (fe) = of (G)=d)?

A next openquestionisto prove suger-linear lower boundson the sizeof monotone
(fanin 2) circuits computing explicit quadratic functions in n variables. For formulas
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(fanout 1 circuits) lower boundsL (fg) = ( n3%2) can be proved using the rank argu-
ment [10]. Howewer, the caseof circuits is more complicated because(as mentioned
in the introduction) known lower bounds for monotone circuits|the method of ap-
proximations due to Razborov [22], and its derivatives|cannot yield lower bounds
larger than n.

Pr oblem 8.2. ProveC(fg) n'* for an explicit n-vertex graph G.

What can be said about the single level conjecture in the context of graph rep-
resenation, that is, if we consider circuits representing graphs G instead of circuits
computing their quadratic functions fg? For circuits with fanin-2 gatesthe ques-
tion is already answered in x 4: the gap between single level and general circuits
is ( n=log®n) alsoin this cortext. But what about circuits with unbounded fanin
gates?For agraph G, let C (G) bethe minimum sizeof a monotone unbounded fanin
circuit represening G, and let C1(G) be the singlelevel version of this measure. Note
that, for somegraphs G, circuits represening G may be exponertially smaller than
circuits computing the quadratic function fg. If, say, M, is a matching with n edges,
then cnf(M,) = O(logn) (by Lemma 3.10) but C (fm,) = ( n) (by Theorem 2.3).
This also shows that, in the context of graph represenation, Lemma 6.1 does not
hold anymore.

Pr oblem 8.3 (Pudlak{Rodl{Savicky [21]). Provethat C'(G) may be muchlarger
than C (G).

Easy courting shows that C1(G) = ( n) for almost all n-vertex graphs. On the
other hand, as mertioned in x 2, a lower bound n® for an explicit graph G would
yield a super-linear lower bound for non-pmonotonelog-depth circuits. Actually, even
a much more moderate lower bound 2 °9" with ! 1 would have interesting
consequencesgsee[10]).

Pr oblem 8.4. ProveC}(G) 2 Pogn for an explicit n-vertex graph G.

Although, as mertioned above, we already can prove lower bounds L(fg) =
( n32) for someexplicit graphsG, doing this for saturated graphsis a much more dif-
cult task. Bloniarz [4] usedcourting argumerts to show that C(fg) = ( n?=logn)
for almost all n-vertex graphsG; this remainstrue alsoin the classof saturated graphs.
The problem, howewer, is the explicitness we want a lower bound for explicitly con-
structed graphs. As mertioned in the introduction, a lower bound C(fg) c¢n for a
su cien tly large constart ¢> 0 would have great consequencef circuit complexity.
A (potentially) lessambitious problem is to do this for formulas.

Pr oblem 8.5. Exhibit an explicit saturated star-free graph on n vertices with
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L(fg) = ( nlogtn).

Since, by Obsenation 3.5, for such graphs we have the equality L(G) = L(fg),
this would yield an explicit boolean function in m = (log n) variables requiring
non-monotone formulas of size ( mk) (see[10] for details).

Ac knowledgmen ts. | am grateful to Georg Scnitger and Ingo Wegener for
interesting discussions,and to the refereesfor numerousand very helpful suggestions
concerningthe presernation.

Note added in pro of. The result of Mirwald and Scnorr (mentioned in the
introduction) about the single level circuits over the basisf ;”;1g hasno analogue
in the context of graph representation: here the multiplicativ e gap may be aslarge as
( n=logn), the gapis achieved by an n to n matching. Also, a partial answer to Prob-
lem 8.3 follows from a lower bound C*(H) = ((log n)3¥2 °M) for any Hadamard
n n-graph H, proved by Lokam (S.V. Lokam, Graph complexity and slice func-
tions, Theory of Comput. Syst., 36(1) (2003) 1{88). Togetherwith the Magni cation
Lemma [10], this implies that for a Sylvestergraph H, C1(H) may be by a factor of
((log n)¥2 °W) Jargerthan C (H). This alsoimplies the samegap for the quadratic
function f ¢ of the saturated extensionof H .
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